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Abstract
We discuss a D3-D7 system in type IIB string theory. The near-horizon geometry is
described by AdS5 ×X5 where X5 is a U(1) bundle over a Ka¨hler-Einstein complex
surface S with positive first Chern class c1 > 0. The surface S can either be P1 ×P1,
P
2 or Pn1,...,nk, a blow up of P
2 at k points with 3 ≤ k ≤ 8. The P2 corresponds to the
maximally supersymmetric AdS5×S5 vacuum while the other cases lead to vacua with
less supersymmetries. In the F-theory context they can be viewed as compactifications
on elliptically fibered almost Fano 3-folds.
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It has recently been argued in [1] and further been elaborated in a series of papers [2]-[31],
that the large N limit of certain conformal field theories (CFT) can be described in terms
of Anti de-Sitter (AdS) supergravity. The CFT lives on the AdS boundary and a precise
recipe for expressing correlation functions of the boundary theory in terms of the bulk theory
has been given [2],[3]. In particular, the four-dimensional N = 4 supersymmetric SU(N)
Yang-Mills theory is described by the type IIB string theory on AdS5× S5 where the radius
of both the AdS5 and S
5 are proportional to N . In fact, the gauge group SU(N) can be
replaced by SO(N) or Sp(N/2) [30] by some appropriate orientifold operations [7],[16],[29].
Then, the large N limit in field theory corresponds to the type IIB supergravity vacuum.
The symmetry of the latter is SO(4, 2) × SU(4) which is just the even subgroup of the
SU(2, 2|4) superalgebra. In fact, all simple supersymmetry algebras have been classified in
[32]1. From the list in [32] one may see that the AdSp+2 group SO(p+1, 2) can be extended
to a supergroup, besides p = 4, for p = 2 and p = 5 as well. These cases correspond to the
AdS4,7 × S7,4 vacua of eleven-dimensional supergravity which, consequently, describes large
N boundary CFT in three and six dimensions.
In addition to the N = 4 supersymmetry algebra SU(2, 2|4), there also exist the su-
peralgebras SU(2, 2|2) and SU(2, 2|1). Their even subgroups are SO(4, 2) × U(2) and
SO(4, 2) × U(1), respectively, and they are realized by conformal field theories with less
supersymmetries, namely, N = 2 and N = 1 superconformal Yang-Mills theories. Their
supergravity interpretation is chiral supergravity on AdS5×S5/Γ where Γ is a discrete sub-
group with Γ ⊂ SU(2) and Γ ⊂ SU(3) for the N = 2 and N = 1 cases, respectively [4]. If,
in particular, Γ is not in SU(3), then we get a non-supersymmetry theory. However, in all
these cases, as has been shown both in string-theory [5] and in field theory context [6],[7]
correlation functions of the N = 0, 1, 2 theories constructed by orbifolding are the same as
those of the N = 4 theory in the large N limit. Here, we will examine if there exist vacuum
type IIB configurations, other than the S5 orbifolds, which realize the other supersymmetry
algebras, namely SU(2, 2|2) and SU(2, 2|1). Since they always contain in the even part,
besides the Anti de-Sitter group, a U(1) factor, the five dimensional space which replaces
the S5 is a U(1) bundle over a four-dimensional space which by supersymmetry turns out to
be a complex surface with positive first Chern class.
The massless bosonic spectrum of the type IIB superstring theory consists in the graviton
gMN , the dilaton φ and the antisymmetric tensor B
1
MN in the NS-NS sector, while in the
R-R sector it contains the axion χ, the two-form B2MN and the self-dual four-form field
AMNPQ. The fermionic superpartners are a complex Weyl gravitino ψM (γ
11ψM = ψM) and
1The AdS3 supergroup is missing in the list of [32] since the Anti de-Sitter group in three dimensions
SO(2, 2) = SL(2)× SL(2) is not simple
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a complex Weyl dilatino λ (γ11λ = −λ). The theory has two supersymmetries generated by
two supercharges of the same chirality. It has in addition a conserved U(1) charge, which
generates rotations of the two supersymmetries and under of which some of the fields are
charged. In particular, the graviton and the four-form field are neutral, the antisymmetric
tensors have charge q = 1, the scalars have q = 2, whereas the gravitino and the dilatino
have charges q = 1/2 and q = 3/2, respectively.
The two scalars of the theory can be combined into a complex one, τ = τ1 + iτ2, defined
by τ = χ + ie−φ , which parametrizes an SL(2,R)/U(1) coset space. The theory has an
SL(2,R) symmetry that acts as
τ → aτ + b
cτ + d
, BαMN → (ΛT )−1αβBβMN , Λ =
(
a b
c d
)
∈SL(2,R) ,
gMN → gMN , AMNPQ → AMNPQ , (1)
while the fermions transform accordingly as
ψM →
(
cτ¯ + d
cτ + d
)1/4
ψM , λ→
(
cτ¯ + d
cτ + d
)3/4
λ.
It is quite convenient to introduce SL(2,R)-covariant objects. For this, let us recall that
the group SL(2,R) can be represented by a matrix V α
±
:
V =
(
V 1
−
V 1+
V 2
−
V 2+
)
=
1√−2iτ2
(
τ¯ e−iθ τeiθ
e−iθ eiθ
)
.
The local U(1) is realized by the shift θ → θ + ∆θ and the global SL(2,R) acts from the
left. One may define the quantities
PM = −ǫαβV α+ ∂MV β+ = ie2iθ
∂Mτ
2τ2
, QM = −iǫαβV α+ ∂MV β− = ∂Mθ −
∂Mτ1
2τ2
, (2)
where QM is a composite U(1) gauge connection and PM has charge q = 2. We also define
the complex three-form
GKMN = −
√
2iδαβV
α
+H
β
KMN = −i
eiθ√
τ2
(τH1KMN +H
2
KMN) ,
with charge q = 1 as well as the five-form field strength FMNPQR
FMNPQR = 5∂[MANPQR] − 5
4
Im
(
(B1 + iB2)MN(H
1 − iH2)PQR
)
,
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with charge q = 0. We fix the U(1) gauge by choosing θ ≡ 0 from now on. In this case, the
global SL(2,R) transformation is non-linearly realized and the various fields transform as
PM → cτ¯ + d
cτ + d
PM , QM → QM + 1
2i
∂M ln
(
cτ¯ + d
cτ + d
)
,
GKMN →
(
cτ¯ + d
cτ + d
)1/2
GKMN , FMNPQR → FMNPQR .
We also define the covariant derivative DM = ∇M− iqQM , which transforms under SL(2,R)
as DM →
(
cτ¯+d
cτ+d
)q/2
DM .
The supersymmetry transformations of the dilatino and gravitino in a pure bosonic back-
ground are [33]
δλ = iγMPMǫ
∗ − i
24
γMNKGMNKǫ , (3)
δψM = DMǫ+
i
480
γM1···M5FM1···M5γMǫ−
1
96
(
γM
NKLGNKL − 9γNLGMNL
)
ǫ∗ , (4)
where
DMǫ = (∂M +
1
4
ωM
ABγAB − 1
2
iQM)ǫ,
and ǫ is a complex Weyl spinor (γ11ǫ = ǫ). The five-form FMNPQR satisfies
FMNPQR = − 1
5!
εMNPQRSTUVWF
STUVW , (5)
i.e., it is anti-self dual. This can be seen from the supersymmetry transformation of the
gravitino eq.(4) since the factor γM1···M5γMǫ and the chirality of ǫ projects out the self-dual
part of FMNPQR.
Omitting fermions, the field equations for the bosonic fields of type IIB supergarvity turn
out to be
DMPM =
1
24
GMNKG
MNK , DMGMNK = P
MG∗MNK −
2
3
iFMNKPQG
MPQ ,
RMN = PMP
∗
N + P
∗
MPN +
1
6
FMKLPQFN
KLPQ
+
1
8
(
GM
PQG∗NPQ +GN
PQG∗MPQ −
1
6
gMNG
∗
KPQG
KPQ
)
. (6)
There also exists a number of indentities between the fields appearing in eqs.(3,4)
D[MPN ] = 0 , ∂[MQN ] = −iP[MPN ] , ∂[MPN ] = −2iP[MQN ] ,
D[MGNKL] = −P[MG∗NKL] , ∂[MFNKLPQ] =
5
12
iG[MNKG
∗
LPQ] ,
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and which follow from the definitions of PM , QM , GMNP and FMNPQR.
We will now consider supersymmetric backgrounds which preserve some supersymmetry
in the presence of D7- and D3-branes. Here, the non-vanishing bosonic fields are the graviton
gMN , the complex scalar τ and the four-form potential AMNKL. Then, the conditions for
unbroken supersymmetry turn out to be
γMPMǫ = 0 , (7)
DMǫ+
i
480
γM1···M5FM1···M5γMǫ = 0 . (8)
We assume that the ten-dimensional space-time is of the form M4 × B6 so that part of
the D7 is inside B6. We split the coordinates xM as xM = (xµ, xm) where (µ = 0, · · · , 3 m =
1, · · · , 6). The γ-matrices split acoordingly as
γµ = Γµ ⊗ 1 , γm = Γ5 ⊗ Γm , (9)
where Γµ,Γm are SO(1, 3) and SO(6) Γ-matrices respectively. We also define four- and
six-dimensional chirality matrices Γ5,Γ7 as
Γ5 = iΓ0 · · ·Γ3 , Γ7 = −iΓ4 · · ·Γ9 ,
so that γ11 = Γ5Γ7 and (Γ5)2 = (Γ7)2 = 1. In the representation (9), Γµ are real and
hermitian apart from Γ0 which is anti-hermitian while Γa as well as Γ5 and Γ7 are imaginary
and hermitian. The topology of space-time allows a non-zero five-form field of the form
Fµνρκm = ǫµνρκFm , Fmnℓpq = ǫmnℓpqrF˜
r , (10)
where Fm, F˜m are vectors in B
6 which depend on xm only. They are not independed since
the (anti) self-duality condition eq.(5) gives
Fm = F˜m .
Moreover, we assume that the complex scalar τ depence only on the B6 coordinates so that
PM = (0, Pm). One may easily verify that
iγM1···M5FM1···M5 = 5!
(
Γ5 ⊗ FmΓmΓ7 − 1⊗ FmΓm
)
, (11)
so that eqs.(7,8) turns out to be
Γ5 ⊗ ΓmPmǫ = 0 , (12)
Dµǫ+
1
2
(Γµ ⊗ FmΓm)ǫ = 0 , (13)
Dmǫ− s
2
Fmǫ+
s
2
(1⊗ F nΓmn)ǫ = 0 , (14)
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where s is the four-dimensional chirality of ǫ (Γ5 ⊗ 1ǫ = sǫ). To solve the above equations,
we assume that the metric is of the form
ds2 = e2A(x
m)ηµνdx
µdxn + e2B(x
m)hmndx
mdxn , (15)
where gmn is the metric on B
6. Then, eqs.(13,14) are written as
∂µǫ+
1
2
(s∂nA− Fn) Γµ ⊗ Γnǫ = 0 , (16)
∇mǫ− s
2
Fmǫ+
1
2
(∂nB + sFn) 1⊗ Γmnǫ = 0 , (17)
where ∇m = ∂m + 14ωmab(h)Γab− i2Qm is the gauge spin-covariant derivative with respect to
the metric hmn. By splitting the spinor ǫ as ǫ = e
A/2θ ⊗ η, with Γ5θ = θ, Γ7η = η, eqs.(16,
17) give
Fm = ∂mA , B = −A , (18)
and eq.(17) is then reduced to
∇mη = 0 . (19)
Thus, the number of unbroken supersymmetries is determined by the number of gauge-
covariantly constant spinors η. The integrability condition of eq.(19) is
Rmn(h) = P
∗
mPn + PmP
∗
n , (20)
which combined with the field equations
RMN = PMP
∗
N + PNP
∗
M +
1
96
FM
KLPQFNKLPQ ,
gives that A(xm) is harmonic [34],
1√
h
∂m
(√
hhmn∂ne
−4A
)
= 0 . (21)
Thus, finally, what remain to be solved are eqs.(19,21) and the supersymmetric condition
ΓmPmη = 0 . (22)
We will assume now that the metric hmn takes the form
hmndx
mdxn = dr2 + r2gijdx
idxj , (i, j = 1, ..., 5) , (23)
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where gij is the metric of a five-dimensional compact space X
5. In this case, eq.(21) gives
e−4A = 1 +
Q
r4
,
where Q = 4πgsNα
′ and the ten-dimensional metric takes the form
ds2 =
(
1 +
Q
r4
)−1/2 (
−dt2 + dx21 + dx22 + dx23
)
+
(
1 +
Q
r4
)1/2 (
dr2 + r2gijdx
idxj
)
. (24)
This is reduced to the standard D3-brane solution [35] if X5 is S5, i.e., when the metric (23)
is flat. The near-horizon geometry at r → 0 turns out to be
ds2h =
r2√
Q
(
−dt2 + dx21 + dx22 + dx23
)
+
√
Q
r2
dr2 +
√
Qgijdx
idxj , (25)
and, thus, it is AdS5 ×X5.
Let us now return to the gauge-covariant Killing spinor equation (19) which will determine
the possible spaces X5. With the metric (23), eq.(19) turns out to be
(
∂r − i
2
Qr
)
η = 0 ,
◦∇iη + 1
4
Γi
rη = 0 , (26)
where
◦∇i = ∂i+ 14ωijk(h)Γjk− i2Qi is the gauge-covariant derivative on X5. Since the metric
(23) satisfies
Rrr(h) = Rri = 0 , Rij(h) = Rij(g)− 4gij , (27)
we get the integrability condition of eq.(26)
0 = P ∗r Pr = P
∗
r Pi + PrP
∗
i ,
Rij(g) = P
∗
i Pj + PiP
∗
j + 4gij . (28)
Thus, Pr = 0 and the complex scalar τ is independent of r. We may split now the γ-matrices
Γi as
Γi = Σi ⊗ σ1 , Γr = 1⊗ σ3 ,
where Σi are SO(5) γ matrices. The spinor η split accordingly as η = η0 ⊗ ξ. Then, eq.(26)
turns out to be
◦∇iη0 = ∓1
2
Σiη0 , (29)
so that η0 is a Killing spinor on X
5. The number of independent solutions to eq.(29) specifies
the number of unbroken symmetries.
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The Killing spinor equation (29) has extensively been studied in the Kaluza-Klein super-
gravity context. There, the isometries of X5 appear as the gauge group in four dimensions.
In our case, the isometries of X5 will lead to gauged supergravities in AdS5 and in view
of the AdS/CFT correspondance will appear as global symmetries in the boundary CFT.
Since, the supersymmetric boundary CFT will have at least a global U(1) corresponding to
the R-symmetry of the minimal N = 1 case, X5 will necesserily have a U(1) isometry. It is
then natural to assume that X5 is a U(1) bundle over a four-dimensional space with metric
of the form
gijdx
idxj = gabdx
adxb + 4(dψ + Aadx
a)2 , (a, b = 1, ..., 4) . (30)
If the four-dimensional space is a complex Ka¨hler surface S with metric gab, then Aadxa is
the U(1) connection with field strength proportional to the Ka¨hler two-form of the base S,
Jab, i.e.,
Fab = iJab . (31)
In this case, the Killing spinor equation (29) can be solved as in the seven-dimensional case
considered in [36]. In addition, the condition eq.(22) gives that
ΓaPaη + Γ
ψPψη = 0 , (32)
where xi = (xa, ψ), a = 1, ..., 4. By using an explicit representation for the γ-matrices
(Γa,Γψ), one may verify that eq.(32) is satisfied if τ is a holomorphic function of the complex
coordinates z1 = x1 + ix2, z2 = x3 + ix4 and independent of ψ. With the metric (30), the
integrability conditions eq.(28) are then reduced to
Rab = P
∗
aPb + PaP
∗
b + 6gab . (33)
In the absence of D7-branes, (Pa = 0) we have that
Rab = 6gab , (34)
and the obvious solution is then P2, the complex projective space. In that case, X5 is a
U(1) bundle over P2, which is just the five-sphere S5 and we recover the standard D3-brane
solution. However, there are other solutions as well. Namely, every complex compact surface
S which satisfies eq.(34) provides a solutions as well. Such surfaces have positive first Cern-
class c1 > 0 as opposed to the CY’s which have vanishing c1. Surfaces with c1 > 0 are known
as del Pezzo surfaces. These include P1 × P1, or P2n1...nk, the surface which is obtained by
blowing up P2 at k generic points (no three-points are colinear and no six points are in
one quadratic curve in P2) with 0 ≤ k ≤ 8. Thus, the solutions to eq.(34) is reduced to
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find all del Pezzo surfaces which admit Ka¨hler-Einstein metrics [37]-[41]. A complex surface
now admits a Ka¨hler-Einstein metric if and only if its group of automorphism is reductive
[37],[38]. Surfaces which admit Ka¨hler-Einstein metrics are for example Fermat cubics in P3
[39]. As have been proven in [40], del Pezzo surfaces which admit Ka¨hler-Einstein metrics
are P2, P1 × P1 and P2n1...nk with 3 ≤ k ≤ 8. They correspond to boundary CFT with
N = 4, 2, 1 supersymmetries.
We may also study the above compactifications in the F-theory context [42]. Here, the
complex scalar τ is identified with the complex sctructure moduli of an internal torus. The
SL(2,Z) symmetry of type IIB string theory is then geometrically realized as the modular
group of the torus. The modulus of the torus will vary holomorphically on the surface S
defining an elliptically fibed space which then will be an almost Fano 3-fold. For the P1×P1
case for example, let us consider the cubic in P2
v3 + u3 + w3 + zvuw = 0 . (35)
If z ∈ P1, then the above equation defines the del Pezzo surface
dP9 =

 P2
P
1
∣∣∣∣∣∣
3
1

 , (36)
a hypersurface of bidegree (3,1) in P2 × P1 which is clearly elliptically fibered over P1.
Details for this surface can be found in [43], [44]. By a change of variables, one may bring
eq.(35) into the Weierstrass form
y2 = x3 + f4(z)x+ f6(z) , (37)
where fq(z) is a polynomial of degree q. Then the torus will degenerate at the points where
the discriminant
∆ = 4f4
3 + 27f6
2 , (38)
vanish. Thus, there are twelve points where the torus degenerates which is actually the Euler
number of dP9. Then, the three-folds
Y1 = dP9 ×P1 Y2 =

 P2
P
2
∣∣∣∣∣∣
3
2

 , (39)
provide F-theory compactification on the almost Fano three-folds Y1, Y2. In both cases, the
base of the elliptic fibration is P1 ×P1. However, in the case of Y1, the torus varies only on
one P1 factor while in the Y2 case, varies on both.
–10–
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